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Abstract. Let L be a homogeneous sublaplacian on a 2-step stratified Lie 
group G of topological dimension d and homogeneous dimension Q. By a 
theorem due to Christ and to Mauceri and Meda, an operator of the form F{L) 
is bounded on for 1 < p < oo if F satisfies a scale-invariant smoothness 
condition of order s > Q/2. Under suitable assumptions on G and L, here we 
show that a smoothness condition of order s > d/2 is sufficient. This extends 
to a larger class of 2-step groups the results for the Heisenberg and related 
groups by Miiller and Stein and by Hebisch, and for the free group A'^3,2 by 
Miiller and the author. 



1. Introduction 

Let L be a homogeneous sublaplacian on a stratified Lie group G of homogeneous 
dimension Q. Since L is a positive selfadjoint operator on L^{G), a functional 
calculus for L is defined via the spectral theorem and, for all Borel functions F : 
M C, the operator F{L) is bounded on L^{G) whenever the "spectral multiplier" 
F is bounded. As for the LP-boundedness for p 7^ 2 of F{L), a sufficient condition 
in terms of smoothness properties of the multiplier F is given by a theorem of 
Mihlin-Hormander type due to Christ [3] and Mauceri and Meda [16] : the operator 
F{L) is of weak type (1, 1) and bounded on L^iG) for all p € ]1, oo[ whenever 

\\F\\MWi sup 77||i^= < 00 

for some s > Q/2, where W|(R) is the Sobolev space of fractional order s and 
r] S C^(]0,oo[) is a nontrivial auxiliary function. 

A natural question that arises is if the smoothness condition s > Q/2 is sharp. 
This is clearly true when G is abelian, so Q coincides with the topological dimension 
d of G, and L is essentially the Laplace operator on R''. Take however the smallest 
nonabelian example of a stratified group, that is, the Heisenberg group Hi, which 
is defined by endowing M x M x R with the group law 

(1) {x, y, u) ■ {x, y', u) = {x + x ,y + y' , u + u' + {xy - x'y)/2) 
and with the automorphic dilations 

(2) 6t{x,y,u) ^ {tx,ty,t'^u). 

Hi is a 2-step stratified group, and the homogeneous dimension of Hi is 4. Nev- 
ertheless, a result by Miiller and Stein J/7 and Hebisch ^8, shows that, for a ho- 
mogeneous sublaplacian on Hi, the smoothness condition on the multiplier can be 
pushed down to s > d/2, where d = 3 is the topological dimension of Hi (in |17) 
it is also proved that the condition s > d/2 is sharp). Such an improvement of 
the Christ-Mauceri-Meda theorem holds not only for Hi, but for the larger class 
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of Metivier groups (and for direct products of Metivier and abelian groups), and 
also for differential operators other than sublaplacians (see, e.g., PII^). However 
it is still an open question whether, for a general stratified Lie group (or even for 
a general 2-step stratified group), the homogeneous dimension in the smoothness 
condition can be replaced by the topological dimension. 

The aim of this paper is to extend the class of the 2-step stratified groups and 
sublaplacians for which the smoothness condition in the multiplier theorem can be 
pushed down to half the topological dimension. 

Take for instance the Heisenberg-Reiter group iidi,d2 (cf. 122]): defined by en- 
dowing R^^xdi ^ ]^di ^ j^da i]^Q group law ((H and the automorphic dilations 
([2]); here however R'^^xdi jg ^-j^^ -j-j^g j.gg^j ^ matrices, and the products 

xy'jx'y in ^ are interpreted in the sense of matrix multiplication. H^j^rfj is a 2- 
step stratified group of homogeneous dimension Q = did2 + di + 2d2 and topological 
dimension d ~ did2 + di + d2. Despite the formal similarity with Hi, the group 
Hdi,d2 does not fall into the class of Metivier groups, unless d2 = 1 (in fact, H^i,! 
is the (2di -|- l)-dimensional Heisenberg group Hdi)- Nevertheless, the technique 
presented here allows one to handle the case c?2 > 1 too. 

Namely, let Xi ^ i , . . . , ,di,Yi, . . . ,Yd^,Ui, . . . ,Ud2 be the left-invariant vector 
fields on }id,,d2 extending the standard basis of M'^^xdi ^ j^rfi ^ j^rfa the identity, 
and define the homogeneous sublaplacian L by 

di d2 di 

j=i k=i j=i 

Then a particular instance of our main result reads as follows. 
Theorem 1. Suppose that a function _F : M — > C satisfies 

\\F\\MWi < °° 

for some s > d/2. Then the operator F(L) is of weak type (1,1) and bounded on 
LP{'RdtM2) for all p e ]1, oo[. 

To the best of our knowledge, this result is new, at least in the case ^2 > rfi. In 
fact, in the case c?2 < rfi, the extension described in [12] of the technique of [5J 12] 
would give the same result. However the technique presented here is different, and 
yields the result irrespective of the parameters rfi , ^2 • 

The left quotient of ildi,d2 by the subgroup R'^^x'ii x {0} x {0} gives a homo- 
geneous space diffeomorphic to R''^ x M.'^^, and the sublaplacian L corresponds in 
the quotient to a Grushin operator. In recent joint works with Adam Sikora [15j 
and Detlef Miiller [14j , we proved for these Grushin operators on M'^i X R'*^ a sharp 
spectral multiplier theorem of Mihlin-Hormander type, where the smoothness re- 
quirement is again half the topological dimension of the ambient space. 

The proofs in [151 114] rely heavily on properties of the eigenfunction expansions 
for the Hermite operators. Since a homogeneous sublaplacian on a 2-step stratified 
group reduces to a Hermite operator in almost all irreducible unitary representations 
of the group, it is conceivable that an adaptation of the methods of [151 [14] may give 
an improvement to the multiplier theorem for 2-step stratified groups, even outside 
of the Metivier setting. A first result in this direction is shown in [TJ] , where the free 
2-step nilpotent Lie group N3,2 on three generators is considered, and properties 
of Laguerre polynomials are exploited (somehow in the spirit of [U (TT] [H]). The 
argument presented here refines and extends the one in [13] . 

Theorem [T] above is just a particular case of the result presented here, and we 
refer the reader to the next section for a precise statement. We remark that the 
analogue of Theorem [T] holds on }idi,d2 when the sublaplacian L has the more 
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general form 

(3) ^ = -E E <k'Xu,,Xu.,, 

j = l k,k'=0 

where Xq j — Yj and {aj, f.,)k,k'=o,...,d2 is a positive-definite symmetric matrix for 
all j G {1, . . . ,di}. Other groups can be considered too, e.g., the complexification 
of a Heisenberg-Reiter group, or the quotient of the direct product of Hi^s and iV3_2 
given by identifying the respective centers. 

2. The general setting 

Let G be a connected, simply connected nilpotent Lie group of step 2. Recall 
that, via exponential coordinates, G may be identified with its Lie algebra g, that 
is, the tangent space of G at the identity. In turn, g may be identified with the Lie 
algebra of left-invariant vector fields on G. We refer to [5] for the basic definitions 
and further details. 

Let g be decomposed as Offij, where 3 is the center of g, and let (•, •) be an inner 
product on 0. The sublaplacian L associated with the inner product is defined 
by L = —J2jXj, where {Xj}j is any orthonormal basis of 0. Note that, vice 
versa, by the Poincare-Birkhoff-Witt theorem, any second-order operator L of the 
form —^jXj for some basis {Xj}j of g modulo 3 determines uniquely a linear 
complement — spaii{Xj}j of 3 and an inner product on such that {Xj}j is 
orthonormal. 

Let 3* be the dual of 3 and, for all ?7 G 3*, define J,, as the linear endomorphism 
of such that ri{[z, z']) — (JjjZ, z') for all z, z' £ 0. Clearly is skewadjoint with 
respect to the inner product, hence is selfadjoint and negative semidefinite, with 
even rank, for all r] £ i* . Set moreover 3 = 3* \ {0}. 

Assumption (A). There exist integers ri, . . . , > and an orthogonal decom- 
positionX) = X>i®- ■ - (BXidi such that, ifPi,...,Pd^ are the corresponding orthogonal 
projections, then J-qFj — PjJri md J^Pj has rank 2rj and a unique nonzero eigen- 
value for all rj £ i) and all j € {1, . . . , di}. 

Note that from Assumption (A) it follows that 7^ for all 77 G 3. Therefore 
[0, 0] — 3, that is, the decomposition g = U © 3 is a stratification of g, and the 
sublaplacian L is hypoelliptic. 

In fact Jn has constant rank 2(ri + • • • + rfe) for all 77 e 3. If J,, is invertible for 
all rj G 3, then G is a Metivier group, and if in particular = — |?7pidB for some 
inner product norm | • | on 3*, then G is an H-type group. The main novelty of our 
Assumption (A) is that it allows J,, to have a nonzero kernel when 77 S 3, although 
the dimension of the kernel must be constant. 

The fact that has constant rank for 77 G 3 depends only on the algebraic 
structure of G. What depends on the inner product, that is, on the sublaplacian L, 
are the values and multiplicities of the eigenvalues of the Jn- The above Assumption 
(A) asks for a sort of simultaneous diagonalizability of the J^. 

Under our Assumption (A) on the group G and the sublaplacian L, we are able 
to prove the following multiplier theorem. 

Theorem 2. Suppose that a Junction _F : M — )• C satisfies 

\\F\\MWi < ^ 

for some s > (dimG)/2. Then the operator F {L) is of weak type (1^1) and bounded 
on LP{G) for all p G ]1, oo[. 
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The previously mentioned Heisenberg-Reiter groups Hdi,d2 satisfy Assumption 
(A), where the inner product is determined by the sublaplacian and the or- 
thogonal decomposition of the first layer is given by the natural isomorphism 
M^^xdi ^ j^di ^ ^]gd2 X M)'^i. Other examples are the free 2-step nilpotent Lie group 
A^3,2 on 3 generators, considered in [TB], and its complexification N^2- Moreover, 
if Gi and G2 satisfy Assumption (A), and their centers have the same dimension, 
then the quotient of Gi x G2 given by any linear identification of the centers sat- 
isfy Assumption (A). Note that the direct product Gi x G2 itself does not satisfy 
Assumption (A) , but an adaptation of the argument presented here allows one to 
consider that case too. We postpone to the end of this paper a more detailed 
discussion of these remarks. 

From now on, unless otherwise specified, we assume that G and L are a 2-step 
stratified group and a homogeneous sublaplacian on G satisfying Assumption (A). 
Since L is a left-invariant operator, so is any operator of the form F{L). Let JCp^L) 
denote the convolution kernel of F{L). As shown, e.g., by [TH Theorem 4.6], the 
previous theorem is a consequence of the following estimate. 

Proposition 3. For all s > (dimG)/2, there exists a weight Ws : G — )• [l,oo[ such 
that w'g'^ G L?{G) and, for all compact sets K CM. and for all functions _F : M — )• C 
with supp F Q K , 

(4) \\WslCF(L)h<CK.s\\F\\wi; 

in particular 

(5) \\JCF(L)\\l<CKA\F\\wi. 

The rest of the paper, except for the last section, is devoted to the proof of this 
estimate. 

3. The joint functional calculus 

Let d2 = dim 3, and let Ui, . . . ,Ud2 be any basis of the center 3. Let moreover 
the "partial sublaplacian" Lj be defined as Lj = where {Xj^i}i is any 

orthonormal basis of Oj, for all j € {1, . . . , di}; in particular L = Li + ■ ■ ■ + Ld^. 
Then the left-invariant differential operators 

(6) Li, . . . ,Ldi,~iUi, . . . ,~iUd2 

are essentially self-adjoint and commute strongly, hence they admit a joint func- 
tional calculus (see, e.g., [H]). Therefore, if L and U denote the "vectors of oper- 
ators" (Li, . . . , Ldi) and {—iUi, . . . , —iUd^)^ and if we identify 3* with R'*^ via the 
dual basis of ?7i, . . . , [/„, then, for all bounded Borel functions H : R'^i x 3* — > C, 
the operator i/(L,U) is defined and bounded on L^{G). Moreover _ff(L,U) is left- 
invariant, and we can express its convolution kernel )Ch{l,.ij) in terms of Laguerre 
functions. 

Namely, for all n, fc € N, let 

" ^ ' nl [dt 
be the n-th Laguerre polynomial of type fc, and define 

£W(t) = (-l)"e-*iW(2t). 
Note that, by Assumption (A), for all 77 e 3 and j E {1, . . . , di}, 

for some orthogonal projection Pj' of rank 2rj and some 6j > 0. Set moreover 

p'f _ p _ p»? 



k-\-n 
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Modulo reordering the tij in the decomposition of 0, we may suppose that there 
exists di e {0, . . . ,di} such that dimOj > 2rj if j < di, and diniOj — 2rj if j > di. 
In particular, Pj — and Pj = Pj for all j > di and rj ^ i. We will also use 
the abbreviations r = (ri, . . . , r^J, M'' = M^'i x • • • x M'^^'i , N'^ = N'^^ x • • • x W"^ , 
\r\ = ri + ■ ■ ■ + rdi- Moreover (•, •) will also denote the duality pairing 3* x 3 — > M. 

Proposition 4. Let H : M'*^ x 3* — > C he in the Schwartz class, and set 

(7) m{n,fi,r]) = H{{2ni + ri)b'l + ^ii, . . . , {2n^^ + ^d\)^X + f^d\^ 

(2"<ii+i + '^<ii+i)^l,+i' ■ • ■ ' + '"d,)b\,v) 

for all n gN'^^, fi T] e i. Then, for all {z,u) G G, 

2\r 

imG /. / 



\[c^r'^i\p]ei^D 

Proo/. For ah 77 G 3 and j e let E]^^, El^, . . . , El^^, E]^^^ be an or- 

thonormal basis of the range of P^ such that 

J,El, = ^El, J^El = -h]El,, for;^l,...,r,. 

Hence, for all z G D, 77 £ 3, and G {1, . . . , di}, we can write 

for some uniquely determined G M; set then = (zj-^, . . . , z^^,), z^ = 

(zj^j, . . . , zjr ), and moreover z^ = (z^, . . . , z^ J and z** = (z^, . . . , z^J. 

For all ?7 G 3 and all p G ker J^, an irreducible unitary representation 7r,,.p of G 
on L'^{W) is defined by 

for all (z. It) G G, G r , G ^^(K'-)^ where P'' = P^' -\ + Pj is the orthogonal 

projection onto ker J^. Following, e.g., P] §2], one can see that these representations 
are sufficient to write the Plancherel formula for the group Fourier transform of G, 
and the corresponding Fourier inversion formula: 



(9) f{z,u) = {2 



^)|H-dimG f I ^^^^^ j^^^^^^^^^fy^ Y[ib]Y^ dpdr, 



for all / : G — > C in the Schwartz class and all (z,u) G G, where 7r^,p(/) = 

Fix 77 G 3 and p G ker J^. The operators ^ are represented in Tr^^p as 

(10) d^,,p(i,) = -A^ + {b]f\v,\' + \P,p\^ d7r„p(-7[/fe) = 77fc, 

for all j G {1, . . . , di} and k G {l,...,d2}, where vj G M^'^ denotes the j-th com- 
ponent of u G W, and A^. denotes the corresponding partial Laplacian. Let kg 
denote the £-th Hermite function, that is, 



he{t)^{-lY{£l2'V^r^/^e''^'(^ 
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and, for all u E W , define hri,i^ 



by 



1 = 1 



for all j € {1, . . . , di}, where Uj^i and Vjj denote the ^-th components of ujj G 
and Vj G MJ"^ . Then {/ir;,w}i^eN'- is a complete orthonormal system for L^(M''), made 
of joint eigenfunctions of the operators ((T0| . In fact, 



(11) 



dTT,-i^p{Lj)h,-i^^ = ((2|wj| +rj)b'^j + |Pjpp)ft.^_„, 



where |wj | = i + • • • + ujj,rj \ it should be observed that Pjp = if j > c?i. 

Since H : W^^ x 3* -> C is in the Schwartz class, /C/f(L,u) : G — > C is in the 
Schwartz class too (see [2^, Theorem 5.2] or 10, §4.2]). Moreover 

7r,,,p(/Cjf(L^u))/».),t^ = "^((l^^il, • ■ • , l^dil), {\PiP?, \Pd\P\'^),V)hv,'^ 

by ITTI) and 18, Proposition 1.1]; hence, if ipri,p,Ljiz,u) = (7rr,,p(z, ^77,0;) is 

the corresponding diagonal matrix coefficient of 7r^,p, then 

K,p(2, u) 7r^,p(/C/f(L,u))/i»),^, ^r;,..^) = |)j<rfi , ilPj P\'^) j<d\ > '^»J,p,<.^ 

Therefore Q gives that 
(12) ICh{l^u){z,u) 



where 



[[ J2 Mn,i\PjP\^),<d\^v)i^,,P,ni^,u)Y[ibjY^dpdr, 



(Pn,p,uj{z,u). 



On the other hand, 



^,,,,.(z,z.) = e^<''-)e^<^'^''^)nn 



(6^)V2 



The last integral is essentially the Fourier- Wigner transform of a pair of Hermite 
functions, whose bidimensional Fourier transform is a Fourier- Wigner transform 
too [21 formula (1.90)]. The parity properties of the Hermite functions then yield 



il 



3 = 1 1=1 L 



(-ir 



e J''e J'' 



X / e"(2''^/(^^)''') /i.^,,(t + e^/ib^^Y'^) K^,{t - 9,/{b]Y/^)dtd0, de^ 



Since the Fourier- Wigner transform of a pair of Hermite functions can be expressed 
in terms of Laguerre polynomials (see [3 Theorem 1.104] or [21| Theorem 1.3.4]), 
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we obtain that 



Consequently, for all n e N** 
(13) iprj,p,„iz,u) 



xn 



TTl' 

di 

i=i 



e^(Ci.2''>g»(C2.2'') 



O §10.12, formula (41)]. The conclusfon then follows by pluggmg (IT^ into 
and performing a change of variable by rotation in the inner integrals. □ 



4. A WEIGHTED PlANCHEREL ESTIMATE 

Proposition |4] expresses the convolution kernel /C_f/(L,u) as the inverse Fourier 
transform of a function of the multiplier H. Due to the properties of the Fourier 
transform, it is not unreasonable to think that multiplying the kernel by a polyno- 
mial weight might correspond to taking derivatives of the multiplier. As a matter 
of fact, the presence of the Laguerre expansion leads us to consider both "discrete" 
and "continuous" derivatives of the reparametrization m : N'^^ x W^'^ x j C of 
the multiplier H given by ([7]). 

For convenience, set = for all n < 0. From the properties of Laguerre 
polynomials (see, e.g., [SJ §10.12]) one can easily derive the following identities. 

Lemma 5. For all k,n,m (1: N and t £ M., 

(14) c^^Ht) = cl^^^\t) + cl^+'\t), 

(15) |£W(<) = /:^+^)(<)-/:ri)(t), 

poo ( (n+/c)! r 

(16) / c^^\t)ct\t)t'dt=h';-'-^- 

Jo I U otherwise. 

Let ei, . . . , e^i denote the standard basis of W^^ . We introduce some operators 
on functions / : N'^i x M"*! x 3 ^ C: 

Sjf{n, V) = f{n + e-j ,^,1])- f{n, ^, rj), 
d 

dpj{n,n,i]) = —f{n,fi,T]), 
d 

d,,J{n,n,'n) = —f{Ti,fi,r]) 

for all j G {l,...,di}, / G {l,...,di}, k G {l,...,d2}- 

For all /i G N and all multiindices a G N'', we denote by \a\ the length ai + • — h 
Ufi of a. Inequalities between multiindices, such as a < a', shall be interpreted 
componentwise. Set moreover («)+ = ((ai)+, . . . , {afi)+), where {£)+ — max{^,0}. 
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A function 5* : 3 x D — )• C will be called multihomogeneous if there exist 
ho, hi, ... , hd^ G M such that 

vf (^Xov, A,P,e^ = A[?« . . . A;;^^^ ^{rj, ^ 

for all e 3, ^ G 0, Ao, Ai, . . . , A^i G ]0, oo[; the degrees of homogeneity Hq, hi, ... , hd^ 
of ^' will also be denoted as deg^ ^, deg„^ deg^^ '5. Note that, if ^ is mul- 

tihomogeneous and continuous, then deg^^ ^E" > for all j E {1, . . . , di}. 

Proposition 6. Let H : M."^^ x 3* — )■ C 6e smooth and compactly supported in 
R'^^ X 3, and let m{n,fi,r]) be defined by For all a G N''^ 

b=i 

/or almost all {z,u) G G, where is a finite set and, for all l E la, 

• 7^ G N'^^ , 6I'' G , 13' G N'*! , 7' < a, 

• = ^t.o'I't,! • • • where : 3 x — >■ C is smooth and multihomoge- 
neous for all j G {0, . . . ,di}, 

. deg^ = |7^| - |a| - 1/3^1 and deg„^. = 2/3j + 2(?;: /or all / G {1, . . . , di}, 

• /or all j G {1, . . . ,di}, ^'1^(77,^) zs a product of factors of the form \Pj£,\'^ 
ord^,\P;^C\^ forke{l,...,d2}, 

• l7l + l^'l + m + E%M - (dega, *.,.)/2)+ < \a\. 

Proof. By Proposition|3]and the properties of the Fourier transform, we are reduced 
to proving that, for aU a G N*^, 77 G 3, ^ G 0, 



X 



d^ drj. 



977 



.('■j-l + ^j)/, p,,<;|2 , 



where 7^ 9\ are as in the above statement. 

This is easily proved by induction on \a\. For |a| = it is trivially verified. For 
the inductive step, one applies Leibniz' rule, and exploits the following observations: 

• when a derivative c?,,^. hits a Laguerre function, by the identity P3)) and 
summation by parts, the type of the Laguerre function is increased by 1, 
as well as the corresponding component of P^; 

• for all / G {!,... ,di}, 6j = y^tr ( — J^^ Pj ) / (2r j ) is a smooth function of 
77 G 3 , homogeneous of degree 1 ; 

• for all j G {1, • . • ,di}, P^ = —J^iPj/ibj)"^ is a smooth function of 77 G 3, 
homogeneous of degree 0, and in fact it is constant if j > di, 

• for aU i G {1, . . . ,di}, jPj'^P = {Pj PjS,, PjS,) is a smooth bihomogeneous 
fimction of (77, Pj£^) G 3 x Oj of bidegree (0, 2), and moreover 

for all fc G {1, . . . ,^2}- 
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The conclusion follows. □ 

Note that, for all j € ^ S M'*^, 77 € j, the quantities Tjf{-,^,r]), 

6jf{-,ijL, rf) depend only on /(•, /x, 77); in other words, r, and 5j can be considered as 
operators on functions N"*! — > C. 

The following lemma exploits the orthogonality properties ([T6| of the Laguerre 
functions, together with (jl4p . and shows that a mismatch between the type of the 
Laguerre function and the exponent of the weight attached to the measure may be 
turned in some cases into discrete differentiation. 

Lemma 7. For all h,k ^ N"^^ and all compactly supported f : N^^ C, 

di 



2 

h 



t"dt 



di 

riGN'*! j = l 

Proof. Via an inductive argument, we may reduce to the case di = \. 

Note that, if / is compactly supported, then r'/ is null for all sufficiently large 
I e N. Hence the operator 1 + r, when restricted to the set of compactly supported 
functions, is invertible, with inverse given by 

lefi 

Then by (O we deduce that, for aU fc e N, 

5]/(n)£«(t) = ^(l + r)/(n)£('=+i)(i), 

neN neN 

^/(n)£('=+i)(i) = ^(l + r)-V(n)4'-)W, 

neN neN 

and consequently, for all h,k G N, 

J2fin)Ci^Ht) = Y,{l + Tf-''fin)Ci^Ht) 

riGN nGN 

Thus the orthogonality properties ([TS]) of the Laguerre functions give us that 



/ t'^dt<C,,,J2\{l+r)'^-'f{n)\ 

•'^ neN riGN 

where (n) = 1 + n. 

In the case /i > fc, (1 + t)''"'' is given by the finite sum 



and the conclusion follows immediately by the triangular inequality. 

In the case h < k, instead, since 5 = r — 1, from the identity 1 — = (1 — t)(1+t) 
we deduce that 
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hence 



riGN 



riGN e>n 



rieN 



1/2 



n=0 



by the Cauchy-Schwarz inequaUty, and we are done. 



□ 



Let I • I denote any Euchdean norm on 3*. The previous lemma, together with 
Plancherel's formula for the Fourier transform, yields the following estimate. 

Proposition 8. Under the hypotheses of Proposition\^ for all a G N''^, 

(17) 

Jg ^^^^ Ji J[o.M'' 

^ |^|2|y h2|a|-2|/3' \ + \a'\+d, ^^^a[ ^ ^ ^^^.^ 

where la is a finite set and, for all l la, 



• is a regular Borel measure on [0,oo['*^. 



Proof. Note that, for aU j e {1, . . . ,di}, 

d,A\pje) = 2((a,,p;)p,e,p;o < chri|p,''ci|P,ei; 

consequently, if ^I^t, ^ftj-, 7', 6*' , are as in the statement of Proposition [HI then 
for all j € {1, . . . , di}, hence 

J=l 

di 2e^+2/3j 

< C'J^|2|7'|-2|a|-2|/3'| -Q ^ | pJ7^| | pj;^ |40^ +4/3] -2/i,- ^ 

j = lh,=(dcg„^ *.,j)/2 

and moreover, for all h G N^^i, if hj > (deg^^. ^',,j)/2 for all j £ {1, . . . , di}, then 

dl 
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By Proposition [51 Plancherel's formula and the triangular inequality, we then 
obtain that the left-hand side of ((T7]) is majorized by a finite sum of terms of the 
form 



(18) 



3 "'B 



J2 d:^dym{n,{\p;'e),<a,,v) i[ci:r'+'^^i}p^e/b]) 



X \r] 



2|7|-2|a|-2|,3| 



]l\p;'e''^Yl\p;'e'^d^drj, 



j=i 



where 7 e N''^ 6*, fc e l3,he N'^i and I7I + |6i| + |/? + (/? - < Simple 
changes of variables (rotation, polar coordinates and rescaling) allow one to rewrite 
([T^ as a constant times 



I J]0,oo[''i J]0,oo['' 



X \r] 



J2 dXS^min,f,,rj)Y[C<;:r'+^^Ht, 



2|7 



i=i 

di 



ai ai , 

2\a\-2\0\ TJ{l,^\hj+r, TT fcj +(dim -2rj )/2 , 



i=i i=i 

By exploiting the fact that the are smooth functions of r/ € 3, homogeneous 
of degree 1 (see the proof of Proposition , and applying Lemma [7] to the inner 
integral, the last quantity is majorized by 



di 



X \ri 



|2|7|-2|Q|-2|/3| + |?i| + |r| TT ^fc^ +(dim -2r,)/2 dfl 



i=i 



and since the exponents kj + (dimOj — 2rj)/2 are strictly positive, while 

di 

-m + \h\ + \r\ = -2|/3 +{(3-h)+\+ ^(r, - 1 + h, + 2(/3, - h,)+) + di 

i=i 

and I7I + 16*1 + \/3 + {/3 — < |a|, the conclusion follows by suitably renaming the 
multiindices. □ 



5. From discrete to continuous 

Via the fundamental theorem of integral calculus, finite differences can be es- 
timated by continuous derivatives. The next lemma is a multivariate analogue of 
[Ol Lemma 6], and we omit the proof (see also [TT, Lemma 7]). 

Lemma 9. Let f : N'*^ — )• C have a smooth extension f : [0, cxd['*^ — )• C, and let 
P eW^K Then 

S^fin)^ [ dPf{n + s)dvp{s) 

J J 13 

for all neN, where Jp = n^li [0> ft] 

and Vfi is a Borel probability measure on Jp. 

In particular 

\S^f{nf< f \d^f{n + sfdMs) 
JJfi 

for all n e N'^i . 
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We give now a simplified version of tlie right-hand side of (jl7p . in the case we 
restrict to the functional calculus of L alone. In order to avoid issues of divergent 
series, it is however convenient at first to truncate the multiplier along the spectrum 
of U. 

Lemma 10. Let x G C^(M) he supported in [1/2,2], K Q M. he compact and 
M e ]0, oo[. If F : W ^ C is smooth and supported in K , and Fm : M x 3* — > C is 
given hy 

Fm{X,v)^F{X)x{\v\/M), 

then, for all re [0, cx)[, 

l^r JCF,,^L,u){z,u)\^dzdu < CK^x.rM^^-^^WFf^r. 

Proof. We may restrict to the case r G N, the other cases being recovered a poste- 
riori by interpolation. Hence we need to prove that 

(19) / \u'- KF,,(L,n){z,u)\'' dzdu<CK.,x,o.M''--^\"\\\F\\l^,^, 



for all a G N'*^ . On the other hand, if m is defined by 

(20) m(n,/i,r,) = F(^b]{n,), + x(hl/M), 

where {tjj — 2£+rj and = X^^li Mj' then the left-hand side of ([T^ is majorized 
by the right-hand side of (|17p , and we are reduced to prove 



(21) E // _ K5f^'^'"^KM,r/)P|r7pl'^'l-^H-2|/3'|+KI+.. 

X (1 + m)-^! . . . (1 + nd,f-^i da,{p.) drj < Ck,^,c M-^^-^l^l ||^||2^^^ 



for all L & la, where /„, 7', 6^, a', tXt are as in Proposition [51 

Note that the right-hand side of (j20p makes sense for all n G R'^^ , and defines a 
smooth extension of m, which we still denote by m by a slight abuse of notation. 
Hence, by Lemma [51 

(22) |a;^'9f<5''m(n,/i,,7)|2< /■ \d:^' d'; m{n + s, f,,r,)\' diy,{s), 



where J, = UjU [O^/^j] and j^t is a suitable probability measure on J^. Moreover 
the measure fit in (|^T|) is finite on compacta, and the right-hand side of ([2^ vanishes 
when > max if, because suppF C K. Consequently (|2T|) will be proved if we 
show that 

(23) J2 /l«5fm(n + s,^,,?)pH2|7'l-2|a|-2|,'|+|a'|+<i. 



X (1 + ni)"i . . . (1 -f n^J^^i d,7 < Ck,^,„ M^^'^I"! 



for all s £ Ji, and /i G [0,max_ftr]''^, uniformly in s and /i. 

As observed in the proof of Proposition [51 the b'j are positive, smooth functions 
of ?7 G 3, homogeneous of degree 1; therefore, for all n G N'*^ j ^ ■ ■ ■ ,di}, rj £ ^, 
s G [0,oof\ n G [0,oof\ 

di 

(24) |ry|(l + n,) ^ b]{n,), <Y.b'l{ni + si)i + 
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and the last quantity is bounded by the constant max iiT whenever (n + s,/i, 77) € 
suppm, because suppF C K. Hence the factors |?7|(1 + nj) in the left-hand side of 
([23| can be discarded, that is, we are reduced to proving ([23]) in the case = 0. 
From (I20I) it is easily proved inductively that 

vC-^-il q=0 \j=l / 



di 



where vE't,,;,^ : 3 — >■ K is smooth and homogeneous of degree + + g — By 
exploiting again ([M)) and the fact that supp F C K, we than obtain that 

!7'l 

xE 



ti=0 



where x is the characteristic function of [1/2,2]. Hence the left-hand side of 
when a' = 0, is majorized by 



X{\v\/M)d^. 



Let 5 denote the unit sphere in 3*. By passing to polar coordinates and exploiting 
the homogeneity of the b^, the integral in the above formula is majorized by 



C 



s Jo 



E 



X{p/M)p^^^du: 
P 



dp 



where {'n)aj,s = J^jLi^'j {nj + Sj)j ~ 1 -|- |n| uniformly in a; e and s G Ji,. 
Hence the sum in the right-hand side has at most C^{p/MY^ summands, and the 
integral on S is majorized by C^{p/M)'^^ . In conclusion, the left-hand side of (^5)) 
is majorized by 



I I POO 

<CK,x,aM''^-2|"l||F|l; 

because c?i > 1, suppF C K and + l^*^! + \Y\ < |a|, and we are done. □ 

Proposition 11. Let F : M — > C be smooth and such that suppF C K for some 
compact set if C R. For all r G [0, d2/2[, 

\{l + \u\y ICf^l^{z,u)\^ dzdu<CKAF\\wr 
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Proof. Take x e C^{]0,oo[) such that suppx C [1/2,2] and Efcez x(2"'''i) = 1 for 
all t G ]0, oo[. If i^M is defined for aU M e ]0, oo[ as in Lemma [TUl then /CfmC^.u) 
is given by the right-hand side of where m is defined by (1201) . and moreover 

for ah ?7 € j, /i S [0,oo[''^ and n G N'^i , therefore Fm{L,\J) — whenever M > 
2Cma.xK. Hence, if kx G Z is sufficiently large so that 2'^^ > 2Cmaxif, then 

keZ, k<kK 

(with convergence in the strong sense). Consequently an estimate for /Ci?(L) can 
be obtained, via Minkowski's inequality, by summing the corresponding estimates 
for /Cf^,(L,U) given by Lemma[Tni If r < d/2, then the series Efe<fc^ (2'')'''/^"'' 
converges, thus 

||ur I^F(L){z,u)\^ dzdu < CK.r\\F\\w:r 

G 

The conclusion follows by combining the last inequality with the corresponding one 
for r = 0. □ 

Let I • be a (5t-homogeneous norm on G; take, e.g., |(z,ii)|5 = \z\ + 
Interpolation then allows us to improve the standard weighted estimate for a ho- 
mogeneous sublaplacian on a stratified group. 

Proposition 12. Let F : M. ^ C be smooth and such that suppi^ C K for some 
compact set K C M. For all r G [0, rf2/2[, a > and (3 > a + r, 



(25) / \il + \{z,u)\sr il + \u\y }CF^L)iz,u)\ dzdu<CK,o..Ar\\F\\y^,.- 

J G ^ 

Proof. Note that 1 + |u| <C{1 + \ {z,u)\sY. Hence, in the case a > 0, /3 > a -f 2r, 
the inequality ((25t follows by the mentioned standard estimate (see [TBI Lemma 1.2] 
or p. 2, Theorem 2.7]). On the other hand, if a = and /3 > r, then ([25]) is given by 
Proposition [TlJ The full range of a and fi is then obtained by interpolation. □ 

We can finally prove the crucial estimate. 

Proof of Proposition\M Take r G ](dim G)/2 + d2/2 - s, d2/2[. Then 

s - r > (dim G) /2 + ^2/2 - 2r = (dim o) /2 + da - 2r, 

hence we can find ai > (dimti)/2 and aa > ^2 ~ 2r such that s ~ r > ai + a2. 
Set Wsiz,u) = {1 + \{z,u)\5)°' (1 -I- \u\Y. The estimate Q then follows from 
Proposition [T21 On the other hand, for all {z,u) G G, 

w-'(z, u) < G,(l + lzl)-2"^ (1 + l^^l)-"^-2^ 

and the right-hand side is integrable over G = x 3 since 2ai > dim and a2 + 2r > 
d2 — dimj. Therefore G L'^(G), and The estimate ([5]) follows from Q and 
Holder's inequality. □ 

6. Remarks on the validity of the assumption and direct products 

In this section we do no longer suppose that G and L are a 2-step stratified Lie 
group and a sublaplacian satisfying Assumption (A). 

As observed in Sj2l a necessary condition for the validity of Assumption (A) is 
that the skewadjoint endomorphism of the first layer has constant rank for rj 
ranging in 3 = 3* \ {0}. Here we show that this condition is also sufficient when the 
rank is minimal. 
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Proposition 13. Let G be a 2-step nilpotent Lie group, with Lie algebra g = t)®3, 
and let {■,■) be an inner product on U. Suppose that the skewadjoint endomorphism 
Jn of V has rank 2 for all r] €i ^. Then G satisfies Assumption (A) with the sublapla- 
cian L associated to the given inner product, and also with any other sublaplacian 
associated to an inner product on a complement of i. 

Let moreover Gc be the complexification of G, considered as a real 2-step group, 
with Lie algebra 0c = Oc ® 3C; OLf^d let Oc be endowed with the real inner product 
induced by the inner product on 0. Then Gc, with the sublaplacian associated to 
the given inner product, satisfies Assumption (A). 

Proof. From the normal form for skewadjoint endomorphisms, it follows imme- 
diately that, if Jrj has rank 2, then has exactly one nonzero eigenvalue, and 
Assumption (A) is trivially verified. Moreover, if is identified with g/3, then 
ker corresponds to the subspace 

Njj = {x + } : X e g and r]{[x, x']) = for all x' € g} 

of 0/3; hence the rank condition on can be rephrased by saying that iV^ has 
codimension 2 for all ry G 3, and this condition does not depend on the sublaplacian 
L chosen on G. 

Let R{Jri) denote the range of J^. We show now that, for all rj,rj' E 3, the 
intersection R{Jn) C\ R{J,i') is nontrivial. If it were trivial, since Jjj+ri' = Jri + 
we would have ker J,,+^' = ker n ker J,,/ , hence 

R{Jn+v') = (ker = i?(J,,) © i?(J,,'), 

thus J,;+,,' would have rank 4, contradiction. 

Consider now the complexification gc = Q ® ig. Via the linear identifications 
0C = X flj 3c = 3* ^ 3*1 = X Oj the skewsymmetric endomorphism J,, of the 
first layer Oc corresponding to the element r] = {r]R,rii) £ 3^ is given by 

Take now 77 — {rja, rjj) g 3c; we want to show that has rank 4 and a unique 
nonzero eigenvalue. We distinguish several cases. 

If 77/ = 0, then Jrj = J,jj^ X (— J,,^), hence = J,'^^ x J^^ satisfies the condition. 
The same argument gives the conclusion in the case rjn — 0. 

If both r]ji,rii G 3, then i?(J^^) n R(Jt^j) 7^ 0, hence dim(i?(J^^) n R{J^j)) is 
either 2 or 1. In the first case, R{Jn,i) = R{Jnj), so and Jn, commute and 
implies that 

since J^^ and J^, are negative multiples of the same orthogonal projection, the 
conclusion follows. 

Suppose now that R{Jna) H R{Jri,) = for some unit vector x € V, and 
set yn = JtirX, yj = J^^x, 6_r = |y_R|, 6/ = \yi\; in particular J'^^x = -b\x 
and J'^jX — —b^x. Since J^^ and J^^ are skewadjoint and of rank 2, necessarily 

therefore Jrif^Jri,x and Jr^JmiX are 

both multiples of x; on the other hand, 

^'-^TijiJr}jX,X^ (^J'QjX, J^j^x') — {x , J^j J'QjiX') , 

hence J,,„J,jj^a; = J^jJ^j^x. This identity, together with (I26|) . allows us easily to 
show that 

Jri{x,Q) = {yR,yi), JviVR^yi) = -{bji + bj){x,0), 
Jr,{0,x) = {yi,-yR), Jn{yi,-yR) = + 6|)(0, x). 
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Note that 6^ + bj is the squared norm of both {yR,yi) and {yi,—yR)- Hence we 
would be done if we knew that R{J^) coincides with the linear span W of (a:,0), 
(0,2;), {yR,yi), {yi,-yR)- 

In fact, we just need to show that R{Jri) is contained in or equivalently, 
that is contained in ker J^. On the other hand, if ti = {vr,vi) € W-^, then 
vr,vi G x-^ and moreover 

{vR, Vr) + yi) = 0, {vR, yi) - {vi, yR) = 0, 

hence Jr^i^VR, J^rW/, J,,jW_r, J,,^w/ e Kx, and 

{J^^VR,x) = -{vR,yR) = {vi,yi) = -{J,^jVi,x), 

{JniVR,x) = -{vR,yi) = -{vi,yR) = {J,,^vi,x), 

therefore Jru^VR, = —Jr^vi and JjjiVr, — Jr/f/Vi, from which it follows immediately 
that Jr^{vR,vi) =0. □ 

The next proposition shows how groups and sublaplacians satisfying Assump- 
tion (A) may be "glued together", so to give a higher-dimensional group and a 
sublaplacian that satisfy Assumption (A) too. 

Proposition 14. Suppose that, for j — 1,2, the sublaplacian Lj on the 2-step 
stratified Lie group Gj satisfies Assumption (A). Suppose further that the centers 
of Gi and G2 have the same dimension. Let G be the quotient of Gi x G2 given by 
any linear identification of the respective centers, and let L — l\+ l\, where L^- 
is the pushforward of Lj to G. Then the sublaplacian L on the group G satisfies 
Assumption (A). 

Proof. Let be the Lie algebra of Gj , and let and (•, ■)j be the linear complement 
of the center ij and the inner product on X)j determined by the sublaplacian Lj; 
denote moreover by Jj^^i the skewadjoint endomorphism of X)j determined by 77 € 3*. 

The linear identification of the centers of Gi and G2 corresponds to a linear 
isomorphism (j) '■ li — > 32, and the Lie algebra g of the quotient G can be identified 
with Ui X O2 X 32, with Lie bracket 

[{vuV2,z), {v[,v'^, z')] = (0, 0, ^{[vuv[]) + [V2A])- 

Then the sublaplacian L on G corresponds to the inner product (•, •) on Oi x 02 
defined by 

{{VI,V2), (w'i,W2)) = {Vl,v[)i + (W2,W2>2- 

In particular, if <j)* '. 12 ^ 3i denotes the adjoint map of i/i : 31 — 32, then it 
is easily checked that the skewadjoint endomorphism of the first layer Di x 02 of 
g corresponding to an element 77 of the dual 32 of the center of g is given by 
Jt) = Ji,cj}'r) X J2,r)- Hcncc the orthogonal decomposition of Oi x O2 giving the 
"simultaneous diagonalization" of the J,, for all r; S 32 (in the sense of is simply 
obtained by juxtaposing the corresponding orthogonal decompositions of Oi and 

t)2- □ 

Note that the direct product Gi x G2 itself need not satisfy Assumption (A), 
even if the factors Gi and G2 do. However a functional-analytic argument, as in 
[T7I §4] , can be used to deal with that case. 

The key step in our proof of Theorem [5] is the weighted L^ estimate (HI of 
Proposition [21 Let us now turn the conclusion of Proposition [3] into an assumption 
on a homogeneous sublaplacian L on a stratified group G. 
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Assumption (Bt). For all s > t there exist a weight tu^ : G — > [1,cxd[ such that 

wj^ G L^{G) and, for all compact sets A' C M and all Borel functions : K — > C 
with supp F C K , 

(27) \\ws 1Cf(l) < Ck,s\\F\\w^{m.)- 

Our Proposition[2]can then be rephrased by saying that Assumption (A) imphes 
Assumption (Bf) for t — (dimG)/2. Note, on the other hand, that Assumption (Bt) 
makes sense for homogeneous sublaplacians on stratified groups G of step other than 
2. In fact, every homogeneous sublaplacian on a stratified group of homogeneous 
dimension Q satisfies Assumption (Bf) for t = Qjl^ by Ji3j Lemma 1.2] (suitably 
extended so to admit multiphers that do not vanish in a neighborhood of the origin 
of M; see, e.g., J7l Lemma 3.1] for the 1-dimensional case, and |T2l Theorem 2.7] 
for the higher-dimensional case). 

Differently from Assumption (A), the new Assumption (Bt) "behaves well" under 
direct products. 

Proposition 15. For j = l,...,n, let Lj be a homogeneous sublaplacian on a 
stratified Lie group Gj satisfying Assumption (Btj) for some tj > 0. Let G = 
GiX---xG„ and L = L\ + - ■ ■+LI^, where L'j is the pushforward to G of the operator 
Lj. Then the sublaplacian L on G satisfies Assumption (Bt), where t = ti + - ■ ■+tn. 

Proof. Take s > t. Then we can choose si, . . . , s„ such that si > ^i, . . . , s„ > t„ 
and s — si + ■ ■ ■ + Sn- Let then Wj^sj '■ Gj — ?> [1, oo[ be the weight corresponding 
to Sj given by Assumption (Bt) on Gj and Lj, for j — I, . . . ,n. In particular 
wjl. e L^{Gj) and, for all e G^(R), the map F A^(0F)(Lj) is a bounded 
linear map of Hilbert spaces VFj^^ (M) — > L'^{Gj,w^ ^ {xj) dxj), where dxj denotes 
the Haar measure on Gj . 

The operators l\, . . . , L^ on G are essentially self-adjoint and commute strongly, 
that is, they admit a joint spectral resolution and a joint functional calculus on 
L^(G), and moreover, for all bounded Borel functions Fi, . . . , F„ : R — >■ C, 

^(Fi»...®F„)(L«,...,L«.) = I^Fi(L^) <E)---(E) JCf„(L„) 

[TTl Corollary 5.5]. Hence, for aU </)i,...,(^„ e G;?°(M), if (/) = 0i • • • (g) (/)„ , 
then the map H ) is the tensor product of the maps Fj i— )■ 

^(<f>jFj}(Lj)- Since these maps are bounded (R) L'^{Gj,Wj^g.{xj) dxj), the 

map H ^ ^(4>h){l{ fI) bounded S'^"^'-'''" V(]R") ^ L^{G,w^^{x) dx), where 

Si'''-'""^W(W') = W^'iR) (g) • • • (g W^"(R) is the L^ Sobolev space with dominat- 
ing mixed smoothness |20] of order (si, . . . , s„), and Ws = (g • • • €5 Wn,s„ is the 
product weight on G. In particular, for all compact sets K C M., ii we choose the 
cutoffs 4>j € C^{R) so that 0^1^ = 1, then we deduce that, for aU i? : M" C 
with suppH C K", 

W^'^ ^H{L{.,...,Li) \\l^{G) < C'if,s|l-H"lls(=i- ■■ = ")W(R")- 

(cf. [12j Proposition 5.2]). Since 

ii/ii|(.,....„,,(„„, - £ mm + lai)^- . . . (1 + 

where / denotes the Euclidean Fourier transform of /, we see immediately that the 
estimate 



(28) 



ll^s ^H(l{,...,lI) \\l^{G) < Gk,su...,s„\\H\\w-(R"), 
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holds true whenever X C R is compact and H : K" — > C is supported in K". 

Take now a compact set K C M. and choose a smooth cutoff rjK G C^(M) such 
that Jyif I [o,max if ] — 1- Let F : R — > C be such that suppi^ C K, and define 
i? : R" ^ C by 

H{Xi,...,Xn) = F{Xi + ••• + A„)r?if(Ai)... miK) 

for ah (Ai, . . . , A„) e R". Then supp H C (supp 77^^)", and 

i^(Ai + --- + A„) = ii-(Ai,...,A„) 

for aU (Ai, . . . , A„) € [0, oo[" . Since the operators Li, . . . , Ln are nonnegative, the 
joint spectrum oi l\, . . . , L^^ is contained in [0, oo[", hence 

F{L)=F{L{ + --- + Li) = HiLl...,Ll). 

Consequently, by (pS)) and the smoothness of the map (Ai, . . . , A„) i-^- Ai + • • • + A„ 
we obtain that 

\\WsICf{L) \\l2{G) < Ck,s\\H\\w^(R") < Ck,s\\F\\w^(R)- 

Since clearly wj^ — w^ ]^ (8) • • • (?) w~],^ G L'^{G), we are done. □ 

The previous results, together with the known weighted estimates for abelian 
[T7I Lemma 3.1] and Metivier [8l [9l [T^ groups, then yield the following extension 
of Theorem [2] 

Theorem 16. For j — I, . . . ,n, suppose that Lj is a homogeneous sublaplacian on 
a stratified Lie group Gj. Suppose further that, for each j € {1, . . . , n}, at least one 
of the following conditions holds: 

• Gj and Lj satisfy Assumption (A); 

• Gj is a Metivier group; 

• Gj is abelian. 

Let G = Gi X ■ ■ ■ X Gn andL = L{^ h L^, as m Froposition\M If F -.R^C 

satisfies 

\\F\\MWi < °° 

for some s > (diniG')/2, then F{L) is of weak type (1,1) and bounded on L^iG) 
for all p G ]1, cxd[. 
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